Abstract. Suppose that V and B are vector spaces over Q, R or C and α 0 , β 0 , . . . , αm, βm are scalar such that
then each f k is a "generalized" polynomial map of "degree" at most m − 1.
In case V = R n and B = C we show that if some f k is bounded on a set of positive inner Lebesgue measure, then it is a genuine polynomial function.
Our main aim is to establish the stability of ( * ) (in the sense of Ulam) in case B is a Banach space.
We also solve a distributional analogue of ( * ) and prove a mean value theorem concerning harmonic functions in two real variables.
Blanket assumptions
Throughout this paper F = Q, R or C, V and B are vector spaces over F, m ∈ N, and α 0 , β 0 , . . . , α m , β m are given members of F. Our aim is to study the functional equation 
Background results
A function a : V → B is said to be additive provided a(x + y) = a(x) + a(y) for all x, y ∈ V ; in this case it is easily seen that a(rx) = ra(x) for all x ∈ V and all r ∈ Q.
If k ∈ N and a : V k → B, then we say that a is k-additive provided it is additive in each variable; we say that a is symmetric provided a(x 1 , x 2 , . . . , x k ) = a(y 1 , y 2 , . . . , y k ) whenever x 1 , x 2 , . . . , x k ∈ V and (y 1 , y 2 , . . . , y k ) is a permutation of (x 1 , x 2 , . . . , x k ).
If k ∈ N and a : V k → B is symmetric and k-additive, let a * (x) = a(x, x, . . . , x) for x ∈ V and note that a * (rx) = r k a(x) whenever x ∈ V and r ∈ Q. Such a function a * will be called a monomial function of degree k (assuming a * ≡ 0). A function p : V → B is called a generalized polynomial (GP) function of degree m ∈ N provided there exist a 0 ∈ B and symmetric k-additive functions a k :
and a * m ≡ 0. In this case
Let B V denote the vector space (over F ) consisting of all maps from V into B.
Notice that these difference operators commute (∆
The following two theorems were proved by Mazur and Orlicz [12] and [13] , and in greater generality by Djoković [5] . (
The functional equation (i) was (perhaps first) studied by Fréchet [7] . The (Ulam) stability of (i) and (ii) was established by Hyers [9] and by Albert and Baker [1] . From Theorem 3 and Lemma 1(b) thereof we have
Then there exists a GP function p :
and f is bounded on some interval, then there is a real polynomial function p, of degree at most n − 1, and a constant
Main results
Now let's address the stability of ( * ).
To see why this is a natural assumption, suppose on the contrary (for example) that (
for z ∈ V and thus ( †) can be written as an inequality involving m, rather than m + 1, functions.
Suppose m = 1 so that ( †) becomes
Henceforth we therefore assume that m ≥ 2.
and there exists a GP function p k : V → R and c k ∈ B such that
Using this inequality and ( †) we find that
and thus, since d mm = 0,
Repeating the argument that led from ( †) to ( †) 1 we find that
for all x, y, h 1 , h 2 ∈ V. Applying this reasoning m − 2 more times, we are inclined to admit that
Since d 0k = 0 for 1 ≤ k ≤ m and |α 0 | + |β 0 | > 0, the last inequality simply asserts that ∆
By the "symmetry" of our assumptions on f 0 , . . . , f m , for each k = 0, 1, . . . , m,
and hence, according to Theorem B, there exists a GP function q k : V → B, of degree at most m − 1, such that
By ( †) and (1), for all x, y ∈ V,
Now (3) says, in light of (2), that, for all x, y ∈ V,
In (3) replace x by rx and y by ry (r ∈ Q) to conclude that, for all x, y ∈ V and all r ∈ Q,
"By continuity", (4) holds for all real r, and all x, y ∈ V.
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for all x, y ∈ V and all r ∈ R.
Since a real polynomial function is bounded if and only if it is constant, from the last inequality we surmise that, for 1
Since this is so for every continuous linear functional Λ : B → R, by the HahnBanach theorem,
Then each p k is a GP function of degree at most m − 1 and from (5) we find that
Note that the possibility that δ = 0 has not been excluded. Thus the solutions of ( * ) are GP functions of degree at most m − 1.
Regularity properties of ( * ) and ( †)
The following result is a special case of Theorem 6.1 (iii) of Kemperman [10] . 
A mean value theorem
The next theorem comes from Walsh [14] ; also see [3] . This leads us to
Then there exists a c ∈ C and a GP function p : C → C, of degree at most m − 1, such that
Moreover, if f is bounded on some subset of C (= R 2 ) having positive inner Lebesgue measure, then p is a harmonic polynomial of degree at most m − 1. 
